Welcome back to Extensions!

Here are some things to do whilst we wait for everyone to join us...

KING'S
MATHS

SCHOOL

(. For each pair of cards, find the
symbol that appears on both of

them.
- e
b. —

2. Give three solutions to the
congruence: x = 3 (mod 7).

3. Find a solution to the simultaneous
congruences: x = 2 (mod 5) and
x =4 (mod 7).

4. Find the equation of the line going
through (2,1) and (4, 5).

5. Find the equation of the line going
through (x1, y1) and (x2, ¥2).
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Intro Problems MATHS

(. For each pair of cards, find the
symbol that appears on both of
them.
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KING'S

Intro Problems e
/lee three solutions to the congruence: x = 3 (mod 7). 7!’%’!04/\&{ g \
g. 3,10, 17,24, ... w"eﬂda&&«&b7

3. Find a solution to the simultaneous congruences: x = 2 (mod 5) and

x =4 (mod 7). St -

2(ned ) 4 7 2, l7 22,17,3237, 76*4’
4(«\5& 7)‘? él’/“/ lc(/lS/SQ/_ _
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/Fmd the equation of the line going through (2,1 1) and (4 5). \

-4 =m(x - Dc() (,, 1‘——(—2 /)
j/ﬁ?l)c’_% — =2

5. Find\(‘f{e equation of the line going through (x4, y;) and (x5, y}i
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KING'S

Recap of (Euclidean) plane geometry wats

@re’s a picture of the usual (Euclidean) 2D plane: \

\‘j“ Points: (x,y), x and y real numbers.
(39 o(2) eq. (-2, 1)
' mzoﬁ;vos;‘o’f‘ id 3 /

, 1405 Lines:ax + by + ¢ = 0, wherea, b,
Xc ar7eal numbers (not all zero).

— - e - =~ — — o — = e — — S
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KING'S

Recap of (Euclidean) plane geometry was

ween any two (distinct) points, there’§ a unique line going through them.\

§Et QPO‘,%‘S —= d@iﬁfo‘QSa’faydm
o gy =)
@ny two distinct lines intersect 0 times or 1 time!

A
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Projective (plane) geometry: points  waus

goints: (x: y: z), where x, y, z are real numbers (not all equal to zero). \
There are infinitely many “representations” of a point: (ax: ay: az) also
represents the same point as (x: y: z), for any non-zero real number a.

63. ({23): (Q:4.‘é) :(S;G;Cf)
= ((O: 3023@) = (-5 . -lo :“LS)
=(I's:3: 45)

Bk (1:3:9) &5« diftond gt
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Projective (plane) geometry: lines MATHS
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Gnes ax + by + cz = 0, where a, b, c are real numbers (not aIquuaIto \

2250)x+%j -32:0— kogg m«fﬁde fepraaﬁ»’faim eq, dx+hy-C;:0

e3. Ax+ g ?z,

(1:1.1) is on thus ine, becawse (1)« 20 -3()=1€2-3-0

(1:4:3) 1« onthsUne, boconse ()€ %) -33) = [+§ - 1= 0
(€.3:%) s on s ’f"e/ be cange (b) ) €23) - 9)=6t6-(2=0

i s O e i
g: 0-4) s en Ys lA\m{’/ dlc.




Projective (plane) geometry | s
1.4 \
{he projective plane can be visualised like so: {)’0&6/7&\{ kI \

(-3:1:1)

3]

‘Regular” points: (x: y: 1), where x
(2:3, Qand y are real bers.

7 W ,Zf:\/y:Z:

T, = "":_Z':(

Points “at infinity”: tx: y: 0) where x
and y are not both zero.

(7 These ot be uémln(sd/
patey Ve e rel”
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Projective (plane) geometry: some examples LI

MATHS

SCHOOL

{ ” . o o \
Regular” points: (x: y: 1), where x and y are real numbers.

Points “at infinity”: (x: y: 0) where x and y are not both zero.

1. What points are on the line 4x - 2y - z = 0?

Reghor it (1:0:4) and (2:1:4) o on S U
Pﬁdl\/&,&&h ; oﬂ\lj (‘;2:0)

A /




Projective (plane) geometry: some examples MATHS
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{Regular” points: (x: y: 1), where x and y are real numbers. \
Points “at infinity”: (x: y: 0) where x and y are not both zero.

2. Where do the lines 4x — Zy\— z = 0and 6x + 3\y + z = Ointersect?

W{, %J{o "ohe LU\ S(fnuHo-nw«& -ezuc?bms,

b x - QJ -2-0 @ D:‘lﬁx,l\ence bex-(-10x)-2=0
Ql*%Jj'Z:O ® SO 2= ’wac.\ \

Hg\(_‘e #e ?,,}(:Qfszdjm p:)m{ls (x:'IOx :'.24:9
9 lOlﬁ =0 which 1= the same a5 (| : 710 :724) y




Projective (plane) geometry: some examples MATHS
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{Regular” points: (x: y: 1), where x and y are real numbers. \
Points “at infinity”: (x: y: 0) where x and y are not both zero.

3. What’s an equatlon of the I|ne going through (—2: 5: 11) and (4: —6 10)?

The. 2qushion o€ o Ure 1c qrfb tc2=0. We need & 6d
~b, c7/\/\}€ know tﬁ&j S"ghs
0 -20. +5b 7"”0 "ﬁq{—’&{)iélc gf)
a C
Oba -Gb +0c 'O —7 bh+32c=0,1e.b="6¢

{4\ 'la-('ﬁ( gc Hlc 0202 C —2 50 C: 2), |6/a;‘2c'/
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Projective (plane) geometry: problems  wams

{ Separate the following into different representations of the same point. \
(1:1:2) (3:-9:3) (—3: -3:-6) (a/3: —a: a/3) (1:0:10) (0.5:1.5:0.5)

2. Find an equation of the line which goes through the following two points:

a. (1: 2: 1) and (1: 2: 0) -
b. (3: —2: —1) and (5: —3: —2) o-X fb tC2 /O

c. (6: —3: —1.5) and (—10: 5:-2.5). Worl {-,"\cl a\/bﬁ.

3. Where do the lines4x - 2y -z = 0and 6x — 3y + z = 0 intersect?

A /
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Projective (plane) geometry: solutions  wams
1.

. Separate the following into different representations of the same \
point. ~— ) 7<(‘3)
(1:1: 2) (3: =9:3) (—3: —=3: —=6) (a/3: —a: a/3) (1:0: 10) (0.5: 1.5: 0.5)

)

2. Find an equation of the line which goe] through tf\e following two points:

a. (1: 2: 1) and (1: 2: 0) —) “G(\Q)(L /C Y“Adf
&:LC o{() + b(2)€c=0
@{ X ’\‘j :0 AN &([) . !)(2) fC(O):O_/
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Projective (plane) geometry: solutions  wams

éFind an equation of the line which goes through the following t
b. (3: —2: —1) and (5: —3: —2) Xt -rgz =0

34-_’1_})—0;0 —7 G"“éﬁé -2C =
5 3200 15-%3 20 ©

—

— o —b
c. (6: —=3: —1.5) and (—10: 5:-2.5).

L Sibe b 24 @
@o\\reﬁfa/ C m %ﬁes‘mw‘fwcw {’7ua7{:l\as J
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Projective (plane) geometry: solutions  wams

/Where do thelines4x - 2y - z = 0and 6x — 3y + z = 0 intersect? \

LPJC 2=0
61-§+z =0 @

Th @ 4 Q(Qx
=22 (M;Cf %ﬁ“cgs)whm
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Modular arithmetic recap S

@member that if n is a positive integer, then any integer x is congruent to \
exactlyone of 0,1, ... ,n - 1 modulo n.

This is because... ﬂ& mmq\%qf qua& clN ché N L§ o

This means we can focus on anthmetﬁ: modulo n” with only the numbers
0,1,2,..,n- 1. For example.

Qj- Py N mg’{m& o 10, 0= 3 (md
ngbead aﬁlO() @ = _l(,m[)

A




Modular arithmetic recap MATES
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4his means we can focus on “arithmetic modulo n” with only the numbers \
0,1,2,..,n- 1. For example.

eq = 13,
The: Tx5 =35 =9 (nd 3) //Cl s smaller thon

o o
RO iy

6= 67672 30x36 = () x(4) (nd3) "3 s srolly
- = (g (md B)=23 (ﬂ‘d:lB) hon 64“/




KING'S

Modular arithmetic recap S
671 is actually a prime number (say, p), then it’s also true that: 30/,114&

If a is an integer such that 0 < a < p - 1, then'there exists an integerl\
suchthat0 < b < p - 1 such that: 8})—;—( (M@A 7)

ab =1 (mod p)ﬁ \
68 -brgf_ca&)(%bhg('

We call the number b a “multiplicative inverse of a, modulo p”. This can be
proven and obtained using the extended version of Euclid’s algorithm, but we
won’t do it here.

This makes the integers 0,1, 2, ... ,p — 1 a“field” under the operation of
Q}Idition and multiplication modulo p. /



https://www.youtube.com/watch?v=fz1vxq5ts5I

KING'S

Projective geometry over other fields wams
\

@e can work with the projective plane over this new field!

“Regular” points: (x: y: 1), where x and y areoneof0,1,2,... ,p — 1.
Points “at infinity”: (x: y: 0) where x and y areone of 0,1,2, ... ,p - 1 (not
both zero).

There are multiple “representations” of a point: (ax: ay: az) also represents
the same point as (x: y: z), for any integer a (1, 2, ...,p - 1).

§plm Tk

(1:2:3) = (2:6:6) = (3:6: 9=Tk: (:5)
‘\_//7

A\ ) )/




Projective geometry over other fields: problems

KING'S

MATHS
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6}9:3:

1) How many points are on the projective line x - 2y - z
2) How many points are there in this projective plane?

If p = 5:

4) How many points are there in this projective plane?

A

07

3) How many points are on the projective line 4x - 2y - z = 0?

If you get done: answer the two questions for a general prime p.

~
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Projective geometry over other fields »ars
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1) How many points are on the projective linex - 2y - z = 0?
2) How many points are there in this projec(/e plane?

1€2-0 5 =xz2 x = (mod 7 )
O ’ c.Oj/vmsx‘, j( OO))

— | peag x=2 - (l O)
g‘ﬁrveansx‘, 7(|20) f”\e)

6}9:3: \

alloed

Cx.«:% + (mod 7)) [Pfo‘\nfs,‘nw

\_ Y=l Dti\(’) J:.Z-/Dotzl (3f@éor;cme |
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Projective geometry over other fields »ars

SCHOOL

6}9:5: \

3) How many points are on the projective line 4x - 2y - z = 0?
4) How many points are there in this projective pIanF?

B T€ 2-0 - 41224 (mdS) - m"’éw‘\jbo%&s@is’
— lzx;t;) (f"o\iS; - but BaZ(é«od)
=7 = (modS &ov\d L=/ mgds)

As beCoe, this quoes’ aly one point (1:2:0),

T6 22\, Pen v o (e c( 20, 4=0 422 y=3 4=
73 di%@/mﬂ ,ofm% eWQmQ.- Jd /Q:j J 4/1%3#
KSO :’l‘ﬁ)(ml %Q V8 (/) S+l =6 pam“fs n %\S(J(/p' )
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Projective geometry over other fields wars
\

General results when working over the field of integers mocjulo p-

et poitt ek (it
Projective line: contains p + 1 points o« ond fzﬁ’b&or 'oa ¢
N )

Entire projective plane: contains p? + p + 1 poinits

(’7 p1 f%Jo(?OMJB (x:g:l) ord p{'/ a*l‘ﬂe(miff (St:d: O)

Any two lines intersect at exactly one point!

Any two points lie on a unique line!

A /




KING'S

Projective geometry over other fields wars

@ojective plane over the field of integers modulo 2: 1{) = \

Each colour represents a different “line;

Observe how any two points lie on a
unique line!

[This picture is sometimes called the
“Fano plane”, and is of interest in other
mathematical areas too]

A\ /

-
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Projective geometry over other fields wams

@ojective plane over the field of integers modulo 3: E - 3 \

~
" \. Sgp

//\

More complicated picture, but the same
properties as before!

[Pictures for fields of larger primes
steadily become messier...]




KING'S

Relation to Dobble — JADE
@iy two lines intersect at exactly one e A, 06%{@ C‘JJ }\OM/
iz @/3 I/\ (0o
Any two points lie on a unique line! = T{J SU”‘bdls
QﬂL ﬁabb’e Cclcl uw%

“@\t_lﬁ 13
Projective line: contains p + 1 points 00 jt!

by Each cad has € S(j'"!b

Entire pro;ectlve plane:

contains p* + p + 1 points ‘J‘()IQ dQCk
e 7%&@%& %’(Ne

BONUS: there are p? + p+1 differey qﬂ a,H,,lg Ml({acW/S .
\lines!Thete ore 57 dittenat casds only it 55, due Yo prting rens)




SPARE SLIDE
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/ SPARE SLIDE \
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/ More on projective geometry:
https://www.math.toronto.edu/mathnet/questionCorner/projective.html

Extended Euclidean algorithm: https://www.youtube.com/watch?v=fz1vxq5ts5|

Video by Matt Parker about Dobble: https://www.youtube.com/watch?v=VTDKgqW _ GLkw

Dobble resources and website:
https://connect-and-play.asmodee.fun/spotit/

You can have “finite fields” of different sizes too (in general, they can be a power of a
prime, but are much harder to construct), to enable you to make Dobble decks with
different numbers of symbols on each card!

\_ /



https://www.math.toronto.edu/mathnet/questionCorner/projective.html
https://www.youtube.com/watch?v=fz1vxq5ts5I
https://www.youtube.com/watch?v=VTDKqW_GLkw
https://connect-and-play.asmodee.fun/spotit/

