
Welcome back to Extensions! 
,ĞƌĞ�ĂƌĞ�ƐŽŵĞ�ƚŚŝŶŐƐ�ƚŽ�ĚŽ�ǁŚŝůƐƚ�ǁĞ�ǁĂŝƚ�ĨŽƌ�ĞǀĞƌǇŽŶĞ�ƚŽ�ũŽŝŶ�ƵƐ͙

1. For each pair of cards, find the 
symbol that appears on both of 
them.

a. 

b. 

2. Give three solutions to the 
congruence: ݔ ؠ ͵ ሺ݉݀݋ ͹ሻ.

3. Find a solution to the simultaneous 
congruences: ݔ ؠ ʹ ሺ݉݀݋ ͷሻ and
ݔ ؠ Ͷ ሺ݉݀݋ ͹ሻ.

4. Find the equation of the line going 
through ሺʹǡ ͳሻ and ሺͶǡ ͷሻ.

5. Find the equation of the line going 
through ሺݔଵǡ ଵሻݕ and ሺݔଶǡ  .ଶሻݕ

 



Intro Problems
1. For each pair of cards, find the 

symbol that appears on both of 
them.

a. 

b. 

a Ladybug ladybird
b Turtle

Target crosshairs These are

I I Baby bottle takenfrom
the card
game Dobbie



2. Give three solutions to the congruence: ݔ ؠ ͵ ሺ݉݀݋ ͹ሻ.

3. Find a solution to the simultaneous congruences: ݔ ؠ ʹ ሺ݉݀݋ ͷሻ and
ݔ ؠ Ͷ ሺ݉݀݋ ͹ሻ.

Intro Problems
remainder3

eg 3 10 17 24 when
you
divideby7

Sat 2 7b 42 mods 7 2 7 12 17 22 27 32,37
4mod 7 t 4,11 18 25 32

Simultaneous equations in modulararithmetic



4. Find the equation of the line going through ሺʹǡ ͳሻ and ሺͶǡ ͷሻ.

5. Find the equation of the line going through ሺݔଵǡ ଵሻݕ and ሺݔଶǡ  .ଶሻݕ

Intro Problems

y y mfr on Gang 2,1
2 I m 2

YET firstpart
gradient jofoverall
segmentfrom

asian.ge
Iidi



,ĞƌĞ Ɛ͛�Ă�ƉŝĐƚƵƌĞ�ŽĨ�ƚŚĞ�ƵƐƵĂů�;�ƵĐůŝĚĞĂŶͿ�Ϯ��ƉůĂŶĞ͗

Recap of (Euclidean) plane geometry

Points: ሺݔǡ ݔ ,ሻݕ and ݕ real numbers.

Lines: ݔܽ ൅ ݕܾ ൅ ܿ ൌ Ͳ, where ܽ, ܾ, 
ܿ are real numbers (not all zero).

y y y

S
1,2 eg 1,2

3 1
eg C 3,1

aogiveshoriginteds

y oneofab 0
t v and atleast

I eg 2 49 3 0I bogivesvertical lines



Recap of (Euclidean) plane geometry
�ĞƚǁĞĞŶ�ĂŶǇ�ƚǁŽ�;ĚŝƐƚŝŶĐƚͿ�ƉŽŝŶƚƐ͕�ƚŚĞƌĞ͛Ɛ�Ă�ƵŶŝƋƵĞ�ůŝŶĞ�ŐŽŝŶŐ�ƚŚƌŽƵŐŚ�ƚŚĞŵ͘

Any two distinct lines intersect 0 times or 1 time!foxy
2points determinesgradientm

y y MG sa

Em Fnotparallel
samegradient different gradients



Projective (plane) geometry: points
Points: ሺݔǣ ǣݕ ݖ ,ݕ ,ݔ ሻ, whereݖ are real numbers (not all equal to zero).
dŚĞƌĞ�ĂƌĞ�ŝŶĨŝŶŝƚĞůǇ�ŵĂŶǇ�͞ƌĞƉƌĞƐĞŶƚĂƚŝŽŶƐ͟�ŽĨ�Ă�ƉŽŝŶƚ͗�ሺݔߙǣ ǣݕߙ ሻݖߙ also 
represents the same point as ሺݔǣ ǣݕ .ߙ ሻ, for any non-zero real numberݖ

eg 1 2 3 2 4 6 3 6 9

10 20 30 S 10 45

1 is 3 45

But 1 3 2 is a differentpoint sotheirorder
matters



Projective (plane) geometry: lines
Lines: ݔܽ ൅ ݕܾ ൅ ݖܿ ൌ Ͳ, where ܽ, ܾ, ܿ are real numbers (not all equal to 
zero).

eg.sc 2y 32 0 7hamultiplerseg 2xthy620eg 3ktby92 0

1 l l isonthislinebecause 1 211 367 1 2 3 0
14 3 isonthisline because 1 2141 3131 1 8 9 0
63 4 isonthisline because 6 213 347 6 6 12 0
1 7 S isonthisline because 1 217 3151 1 14 15 0
7 109 isonthisline etc



The projective plane can be visualised like so:

Projective (plane) geometry

͞ZĞŐƵůĂƌ͟�ƉŽŝŶƚƐ͗ ሺݔǣ ǣݕ ͳሻ, where ݔ
and ݕ are real numbers.

WŽŝŶƚƐ�͞Ăƚ�ŝŶĨŝŶŝƚǇ͗͟�ሺݔǣ ǣݕ Ͳሻ where ݔ
and ݕ are not both zero.

plotratfay
y

s l D A 3by Well X 4 2
x E t D

These can'tbe visualised
plotted likethe regular
points



͞ZĞŐƵůĂƌ͟�ƉŽŝŶƚƐ͗ ሺݔǣ ǣݕ ͳሻ, where ݔ and ݕ are real numbers.
WŽŝŶƚƐ�͞Ăƚ�ŝŶĨŝŶŝƚǇ͗͟�ሺݔǣ ǣݕ Ͳሻ where ݔ and ݕ are not both zero.

1. What points are on the line Ͷݔ Ȃ ݕʹ Ȃ ݖ ൌ Ͳ?

Projective (plane) geometry: some examples
p

Regularpoints 1 0 47 and 2 1 4 are on this line

Pigftiste only 1 2 07 observation
only one

point at infinity



͞ZĞŐƵůĂƌ͟�ƉŽŝŶƚƐ͗ ሺݔǣ ǣݕ ͳሻ, where ݔ and ݕ are real numbers.
WŽŝŶƚƐ�͞Ăƚ�ŝŶĨŝŶŝƚǇ͗͟�ሺݔǣ ǣݕ Ͳሻ where ݔ and ݕ are not both zero.

2. Where do the lines Ͷݔ Ȃ ݕʹ Ȃ ݖ ൌ Ͳ and ͸ݔ ൅ ݕ͵ ൅ ݖ ൌ Ͳ intersect?

Projective (plane) geometry: some examples

We tryto solve the simultaneousequations

4 29 2 0 y
10x hence 4 2110 7 2 0
SO 2 242

Y fj Hence the intersectionpoints Gator 24
whichisthesameas 1 10 24



͞ZĞŐƵůĂƌ͟�ƉŽŝŶƚƐ͗ ሺݔǣ ǣݕ ͳሻ, where ݔ and ݕ are real numbers.
WŽŝŶƚƐ�͞Ăƚ�ŝŶĨŝŶŝƚǇ͗͟�ሺݔǣ ǣݕ Ͳሻ where ݔ and ݕ are not both zero.

ϯ͘�tŚĂƚ Ɛ͛�ĂŶ�ĞƋƵĂƚŝŽŶ�ŽĨ�ƚŚĞ�ůŝŶĞ�ŐŽŝŶŐ�ƚŚƌŽƵŐŚ�ሺെʹǣ ͷǣ ͳͳሻ and ሺͶǣ െ͸ǣ ͳͲሻ?

Projective (plane) geometry: some examples

Theequationof a line is art by tca 0 Weneedtofind
ab c Weknow they satisfy
2 at Sb llc 0 Kat lob 22 0

Ga ab too 0 49 431381 6 8
In Jats 84 16 0 7 a c so 0 2 bike a 29

is a solution



1. Separate the following into different representations of the same point.
ሺͳǣ ͳǣ ʹሻ ሺ͵ǣ െͻǣ ͵ሻ ሺെ͵ǣ െ͵ǣ െ͸ሻ ሺܽȀ͵ǣ െܽǣ ܽȀ͵ሻ ሺͳǣ Ͳǣ ͳͲሻ ሺͲǤͷǣ ͳǤͷǣ ͲǤͷሻ

2. Find an equation of the line which goes through the following two points:
a. ሺͳǣ ʹǣ ͳሻ and ሺͳǣ ʹǣ Ͳሻ
b. ሺ͵ǣ െʹǣ െͳሻ and ሺͷǣ െ͵ǣ െʹሻ
c. ሺ͸ǣ െ͵ǣ െͳǤͷሻ and ሺെͳͲǣ ͷǣ ʹǤͷሻ.

3. Where do the lines Ͷݔ Ȃ ݕʹ Ȃ ݖ ൌ Ͳ and ͸ݔ െ ݕ͵ ൅ ݖ ൌ Ͳ intersect?

Projective (plane) geometry: problems

ax by ca 0
Wantto find a b c



1. Separate the following into different representations of the same 
point.
ሺͳǣ ͳǣ ʹሻ ሺ͵ǣ െͻǣ ͵ሻ ሺെ͵ǣ െ͵ǣ െ͸ሻ ሺܽȀ͵ǣ െܽǣ ܽȀ͵ሻ ሺͳǣ Ͳǣ ͳͲሻ ሺͲǤͷǣ ͳǤͷǣ ͲǤͷሻ

2. Find an equation of the line which goes through the following two points:
a. ሺͳǣ ʹǣ ͳሻ and ሺͳǣ ʹǣ Ͳሻ

Projective (plane) geometry: solutions

Mig
method find abc that

y 2x satisfy all blate 0
or 2x y 0 and all tb 2 107 0



2. Find an equation of the line which goes through the following two points:
b. ሺ͵ǣ െʹǣ െͳሻ and ሺͷǣ െ͵ǣ െʹሻ

c. ሺ͸ǣ െ͵ǣ െͳǤͷሻ and ሺെͳͲǣ ͷǣ ʹǤͷሻ.

Projective (plane) geometry: solutions

actby tea094
203 a 2b c 0 6 a 46 2c O

sa b 2 07 37 2 I

Similarmethod to 2b
solvefor a b c inthesimultaneousequation

2



3. Where do the lines Ͷݔ Ȃ ݕʹ Ȃ ݖ ൌ Ͳ and ͸ݔ െ ݕ͵ ൅ ݖ ൌ Ͳ intersect?

Projective (plane) geometry: solutions

4x 2g 2 0 all of these

8334
9
forepresentthesame

point I 2 O
4 29 1 0
Ex 3 1 0 parallel

Ino 4 157 2 0 lines

2 0 Hencethe intersecting Soparallel linesintersect
is at x 2x o at a point at infinity



Remember that if ݊ is a positive integer, then any integer ݔ is congruent to 
exactly one of Ͳǡ ͳǡ ǥ ǡ ݊ Ȃ ͳ modulo ݊.

dŚŝƐ�ŝƐ�ďĞĐĂƵƐĞ͙

dŚŝƐ�ŵĞĂŶƐ�ǁĞ�ĐĂŶ�ĨŽĐƵƐ�ŽŶ�͞ĂƌŝƚŚŵĞƚŝĐ�ŵŽĚƵůŽ�Ŷ͟�ǁŝƚŚ�ŽŶůǇ�ƚŚĞ�ŶƵŵďĞƌƐ�
Ͳǡ ͳǡ ʹǡ ǥ ǡ ݊ Ȃ ͳ. For example.

Modular arithmetic recap
I

thermainder whenyou
divideby n is oneof 0,42 n

legn 7 instead of 10 10 3 model
instead of 100 100 2 mod



dŚŝƐ�ŵĞĂŶƐ�ǁĞ�ĐĂŶ�ĨŽĐƵƐ�ŽŶ�͞ĂƌŝƚŚŵĞƚŝĐ�ŵŽĚƵůŽ�Ŷ͟�ǁŝƚŚ�ŽŶůǇ�ƚŚĞ�ŶƵŵďĞƌƐ�
Ͳǡ ͳǡ ʹǡ ǥ ǡ ݊ Ȃ ͳ. For example.

Modular arithmetic recap

eg n 13

There 7 5 35 9 mod 13 9 issmallerthan
35easierto manage
in calculations

64 6262 36 36 E C 4 xC4 mod13 3 issmaller
I 16 mod13 3 mod13 than64



If ݊ is actually a prime number (say, ݌Ϳ͕�ƚŚĞŶ�ŝƚ Ɛ͛�ĂůƐŽ�ƚƌƵĞ�ƚŚĂƚ͗

If ܽ is an integer such that Ͳ ൏ ܽ ൏ ݌ Ȃ ͳ, then there exists an integer ܾ
such that Ͳ ൏ ܾ ൏ ݌ Ȃ ͳ such that:

ܾܽ ؠ ͳ ሺ݉݀݋ ሻ݌

We call the number ܾ Ă�͞ŵƵůƚŝƉůŝĐĂƚŝǀĞ�ŝŶǀĞƌƐĞ�ŽĨ�ܽ, modulo ͘͟݌ �dŚŝƐ�ĐĂŶ�ďĞ�
proven and obtained using the ĞǆƚĞŶĚĞĚ�ǀĞƌƐŝŽŶ�ŽĨ��ƵĐůŝĚ Ɛ͛�ĂůŐŽƌŝƚŚŵ, but we 
ǁŽŶ͛ƚ�ĚŽ�ŝƚ�ŚĞƌĞ͘

This makes the integers Ͳǡ ͳǡ ʹǡ ǥ ǡ ݌ Ȃ ͳ Ă�͞ĨŝĞůĚ͟�ƵŶĚĞƌ�ƚŚĞ�ŽƉĞƌĂƚŝŽŶ�ŽĨ�
addition and multiplication modulo ݌.

Modular arithmetic recap

pipebetween landp I
93b I mod 7

eg b 5 isasolutionhere

https://www.youtube.com/watch?v=fz1vxq5ts5I


We can work with the projective plane over this new field!

͞ZĞŐƵůĂƌ͟�ƉŽŝŶƚƐ͗ ሺݔǣ ǣݕ ͳሻ, where ݔ and ݕ are one of Ͳǡ ͳǡ ʹǡ ǥ ǡ ݌ െ ͳ.
WŽŝŶƚƐ�͞Ăƚ�ŝŶĨŝŶŝƚǇ͗͟�ሺݔǣ ǣݕ Ͳሻ where ݔ and ݕ are one of Ͳǡ ͳǡ ʹ ǡ ǥ ǡ ݌ Ȃ ͳ (not 
both zero).
dŚĞƌĞ�ĂƌĞ�ŵƵůƚŝƉůĞ�͞ƌĞƉƌĞƐĞŶƚĂƚŝŽŶƐ͟�ŽĨ�Ă�ƉŽŝŶƚ͗�ሺݔߙǣ ǣݕߙ ሻݖߙ also represents 
the same point as ሺݔǣ ǣݕ ߙ ሻ, for any integerݖ (ͳǡ ʹǡ ǥ ǡ ݌ Ȃ ͳ).

Projective geometry over other fields

because

ftp.g 3gjp4 1g8llmodybecause9
2fmod

T because
12 5 mod



If ݌ ൌ ͵ǣ
1) How many points are on the projective line ݔ Ȃ ݕʹ Ȃ ݖ ൌ Ͳ?
2) How many points are there in this projective plane?

If ݌ ൌ ͷǣ
3) How many points are on the projective line Ͷݔ Ȃ ݕʹ Ȃ ݖ ൌ Ͳ?
4) How many points are there in this projective plane?

If you get done: answer the two questions for a general prime ࢖.

Projective geometry over other fields: problems



If ݌ ൌ ͵ǣ
1) How many points are on the projective line ݔ Ȃ ݕʹ Ȃ ݖ ൌ Ͳ?
2) How many points are there in this projective plane?

Projective geometry over other fields

If 2 0 x 2y x 2y mod

ye0
means x D 0 O O notallare

y I means x 2 2 1 O r
gang

y 2 means seal 1 2 o d

Ifzal x 2ytl Geely tl model 4pointsintotal
Y 33510 9 2 00 2 3regular one

at infinity



If ݌ ൌ ͷǣ
3) How many points are on the projective line Ͷݔ Ȃ ݕʹ Ȃ ݖ ൌ Ͳ?
4) How many points are there in this projective plane?

Projective geometry over other fields
y

If 2 0 7 4K2g mods multiplybothsidesby3
12K by mods but 12 2mods
2x y

mods and 6 1 mods
As before thisgivesonlyonepoint 1 2 07
If 2 1 thenwecanplug in y 0 y1,9 2 y 3 y 4 togeta different pointeach time
so intotal there are Stl 6 points on this line



General results when working over the field of integers modulo ݌:

Projective line: contains ݌ ൅ ͳ points
Entire projective plane: contains ݌ଶ ൅ ݌ ൅ ͳ points

Any two lines intersect at exactly one point!

Any two points lie on a unique line!

Projective geometry over other fields

onepointat infinity
and p regularpoints

Gp regularpoints say 1 and pet at infinity say O



Projective plane over the field of integers modulo ʹ:

Projective geometry over other fields

�ĂĐŚ�ĐŽůŽƵƌ�ƌĞƉƌĞƐĞŶƚƐ�Ă�ĚŝĨĨĞƌĞŶƚ�͞ůŝŶĞ͟

Observe how any two points lie on a 
unique line!

[This picture is sometimes called the 
͞&ĂŶŽ�ƉůĂŶĞ͕͟ �ĂŶĚ�ŝƐ�ŽĨ�ŝŶƚĞƌĞƐƚ�ŝŶ�ŽƚŚĞƌ�
mathematical areas too]

PI



Projective plane over the field of integers modulo ͵:

Projective geometry over other fields

More complicated picture, but the same 
properties as before!

[Pictures for fields of larger primes 
ƐƚĞĂĚŝůǇ�ďĞĐŽŵĞ�ŵĞƐƐŝĞƌ͙΁

PI



Any two lines intersect at exactly one 
point!

Any two points lie on a unique line!

Projective line: contains ݌ ൅ ͳ points

Entire projective plane:
contains ݌ଶ ൅ ݌ ൅ ͳ points

BONUS: there are ݌ଶ ൅ ݌ ൅ ͳ different 
lines!

Relation to Dobble



SPARE SLIDE

SPARE SLIDE



Additional info and other links

More on projective geometry: 
https://www.math.toronto.edu/mathnet/questionCorner/projective.html

Extended Euclidean algorithm: https://www.youtube.com/watch?v=fz1vxq5ts5I

Video by Matt Parker about Dobble: https://www.youtube.com/watch?v=VTDKqW_GLkw

Dobble resources and website: 
https://connect-and-play.asmodee.fun/spotit/

zŽƵ�ĐĂŶ�ŚĂǀĞ�͞ĨŝŶŝƚĞ�ĨŝĞůĚƐ͟�ŽĨ�ĚŝĨĨĞƌĞŶƚ�ƐŝǌĞƐ�ƚŽŽ�;ŝŶ�ŐĞŶĞƌĂů͕�ƚŚĞǇ�ĐĂŶ�ďĞ�Ă�ƉŽǁĞƌ�ŽĨ�Ă�
prime, but are much harder to construct), to enable you to make Dobble decks with 
different numbers of symbols on each card!

https://www.math.toronto.edu/mathnet/questionCorner/projective.html
https://www.youtube.com/watch?v=fz1vxq5ts5I
https://www.youtube.com/watch?v=VTDKqW_GLkw
https://connect-and-play.asmodee.fun/spotit/

