. KING'S
Welcome to Extensions! MATHS

Here are some things to do whilst we wait for everyone to join us... scHooL

1/. Grab some pen and paper, and your calculator. \

2. Register for a free account at www.whiteboard.chat/ (an online whiteboard
we’ll use for these sessions). Click “Start Drawing” then “Manage Boards”.

3. Introduce yourself in the Zoom chat! You could type in a sentence about why
you like maths, for example.

4. Think about how you might tackle the following questions:
a) What's the last digit of the number 17177
b) What’s the remainder when you divide 1717 by 27°?




KING’S
Welcome to Extensions! el

1/. Mondays 5:00 — 6:30pm (no session currently planned for 14t Feb, final \
session on 28t March), same Zoom link each week.

2. Maths topics you might not get to see at GCSE (or even A Level!).
So, something a bit different and hopefully harder than what you might be
used to.

3. You don’t have to do any work outside of these sessions — but it doesn’t hurt
to stretch yourself!

\_ /




Our shared expectations

| will treat all other
participants, students
and teachers alike, with
respect and with
COMpassion.

| will not record or
capture any video or
images (e.q.
screenshots) during
these sessions.

| will, both during these
sessions and
afterwards, treat all
participants equally
regardless of their
background or identity.

| will follow all
Instructions given to
me to the best that |
can.
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| will not, either during
these sessions or

afterwards, bully,

harass, intimidate or
discriminate against
any participant in these
SE55I0NS.

| will engage in these
sessions with tenacity
and resithence. | will
always 'have a go'.



From the warm up...

A\
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/ a) What's the last digit of the number 17177 7 7

Some Kind of Veboeaifué ﬂ‘fm 2

@What’s the remainder when you divide 1717 by 27?

t“l)t So Ok\,lho‘\kg ?9 9
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Modular arithmetic introduction
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/ If n is a positive integer, and x and y are any integers, then we write

— e

x =y (mod n)

to mean any of the following equivalent statements:

1) x and y give the same remainder when you divide them by n
2) x is y more than a multiple of n

3) x = y + kn for some integer k

4) (x — y) is divisible by n

5) nis a factor of (x — y)

~
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/ x =y (modn) \

1) x and y give the same remainder when you divide them by n

e 3‘52 '7 (m o Q) he comse IS cand (7]
ko‘j&\ jl\p{ (Cmmf‘dj S u)l\eﬂ jMA)I\/\‘C'lQ E(%p,n’\éj G

2) x is y more than a multiple of n

35 15 11 more thon 8 (18 3 comiltyfe & €)

A\ /
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/ x =y (mod n) \

3) x =y + kn for some integer k

39z —rBQ)

4) (x — y) is divisible by n 35- 7] = \g

°)mis afactor of (x —y) ond 18 g A'\NSU@
(G ug o Tocty of \j)

A\
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a

True or False? Al e, Reme.xh;;’;;'o =y .\
a) 10 =7 (m()d 4) @(Leﬂl[o/ Is equivalent to any of the following
b) 17 = 5 (mod 3)

statements:

1) x and y give the same remainder
when you divide them by n

) 24 = —10 (mod 5) - flse 2xiy mre tans il i
d) —3=-13 (mod 5) g; (x.—);) i: divifsi(ble_by)n
e) 2 = 10 (mod 4) po b
f) 57 = 25 (mod 4) X 15 (o/)jmen /‘j
_ |
g) 59 = 35 (mod 4) nodilo

h) 114 = 250 (mod H—, ")/, pqpuent. o2 S0 miklo f




Modular arithmetic short questions - answers
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/True or False? a) 6rd e)
a) 10 = 2 (mod 4)
b) 17 = 5 (mod 3)
c) 24 = —10 (mod 5) )£ end 9)
d) —3 = —13 (mod 5)

e) 2 = 10 (mod 4)

f) 57 = 25 (mod 4)]) W

g) 59 = 35 (mod 4)” Q)/ =€) oond ‘\)
h) 114 = 250 (mod 4

~
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/ a) and e) hint that if a = b (mod n) then it’s also true that b = a (mod n).\

Mini proof: l/ﬁ
Q o= b \SQN\VH\VO{ n .

/W\Pfﬁfg(e/ \3_,\5* NS mu‘pr'e & n.
= =) L' O- = - [& /A)
Ths mons bz o [mod /\)

)
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/ e), f) and g) hint that if a = b (mod n) and ¢ = d (mod n) then: \

a+c=b+d(modn) _
Mini proof: / 35 =17 (MOC] é/

——

_ “ 35: "77‘ 3((
G\GL + IK'I'\ QO( ome \"%@U} )
(= d+ Kn koendk, 1226 (wod ¢

P b+d 4 kn > call the K, ""f{je’
So. p4sh +d) (mad ) y
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/ e), f) and h) hint that if a = b (mod n) and ¢ = d (mod n) then: \
ac = bd (mod n)
Mini proof:
g \31‘ k\f\ ‘€ ‘ 4 k J K
o/ Some 1 632/5 | MC 7y
( < é H(l N

oc = [bekn)(d thon) = bde bl £ dkin it
ot = hd + (Lk -+ dk, *f‘(kln)

k5\); o( T“—})A ("‘OA "‘) mll%ek N .A‘(ch/r
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/ 1) Explain why, if a = b (mod n) then a™ = b™ (mod n) for any positive \
integerm = 2.

2) Justify the following statement: x = x (mod n).

3) 60 = x (mod 7) for some integer x where 0 < x < 7. Find x.

4) (19 X 20) + 21 = x (mod 16) for some integer x, where 0 < x < 16.

Find x.
5) Any integer x is congruent to exactly one of 0,1,2, ..., n — 1 modulo n.

Justify this statement.
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/ 1) Explain why, if a = b (mod n) then a™ = b™ (mod n) for any positive \
integerm = 2.

O\*\:)-(MA alil)l (mocl"\)
azbh (":ZA g o E l) (mod #)
Q = bl (moé '\) 3 = l)g (N‘OA I\) &C'-

2) Justlfy the following statement: x = x (mod n)
B 7 ond X e the Same remandys wes e dide
%w n. ,
. X - xé—j' O, Which & A/\/\S\NL}U ( —n =0, W
S e J\()‘é nwmé)ﬂ/)
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/ 3) 60 = x (mod 7) for some integer x where 0 < x < 7. Find x. \

1= U

4) (19 X 20) + 21 = x (mod 16) for some integer x, where 0 < x < 16.
Find x.

Mz (mad16) Ex2)12= Rr4)+S =17
0= b (wod 1 T= 1 (md 1)

9 28 (mod \) S .|
\_ - Y,
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5) Any integer x is congruent to exactly one of 0,1,2, ...,n — 1 modulo n. \

8000 1.

o 1 12 13 gvig*:g:%e&

w \s e 1T 15 19 20 b Omd 7.
7Y 22 2% 24 285 26 27

5 % 24 30 3 32 R 3

/




KING’S
Modular arithmetic harder worked examples #1 Sedn s

/ Let’s find the remainder when 1371 is divided by 12. \

find 7 3" =2 (mod 12) and ) (2 (I
‘3 . N\C)A \2)

\
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/ Let’s find the remainder when 31°8° is divided by 7. \/\9& 'V\‘“l%]e ’ggz\
2 IS Cloge 7
352 2 (wod ) 1%¢ SOl




Modular arithmetic yet more questions
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/ 1) What is the remainder when 91%9 is divided by 8?
2) What is the remainder when 44922 s divided by 5?
(Hint: 4 = —1 (mod 5))

3) What is the remainder when 1717 is divided by 10?
(Hint: 17 = 7 (mod 10), and 7° = —1 (mod 10)).

4) Prove that 2222°>°> 4+ 55552222 js divisible by 7.

~
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/ 1) What is the remainder when 91%9 is divided by 8? \

2

(M

— N\

0\3\ (moc\, Sf), So 01’00_“:"00:| (Mocl 8)

2) What is the remainder when 44922 js divided by 5?
(Hint: 4 =

—1 (mod 5)) 00 22

) (49

)

(wod S) /

moc\5>

—) 7'6/*"0‘4/"4/: /

(msd $)

/U"M;\CZL//; /
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~

/ 3) What is the remainder when 1717 is divided by 10?
(Hint: 17 = 7 (mod 10), and 7¢ = —1 (mod 10)).

_ 4
\/lq :7 JMOA \O> (\7[9¢ = ’(F(ﬂbé@)
1 =) (wd ) T4 21
¢ = (- (med @ - )

|7

\jq = | (r\narcx \O> l7 = ’77 ((mdi @)
] = msd 0
\_ Y emam der 7&/ )/
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/ 4) Prove that 2222°°°> 4 55552222 js djvisible by 7. \

Tndaiers Cuglh Gow 222277 = S (wod 1)
0SS 0 = 2O (mod p
A&-L\:j ‘"UNQS % &251\/@& W&J(/{,I
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/ 1) What is the last digit of the number 320112 2502 7777777 \
2) Why is the number n° + 4n always divisible by 5? (Hint: remember that n
is congruent to either 0,1,2,3 or 4 modulo 5, so you can just check every

case).
3) What is the “tens” digit of 2013% — 2013?

4) What’s the remainder when 7243 is divided by 28.

5) Choose a prime p, and then pick any integer a which is not divisible by p.
What is the remainder when you divide aP~! by p? Experiment with
different p and a values, and then make a conjecture!

\_ /
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/ Square puzzles
Suppose you have a 30 X 7 rectangle, and want to cover it with squares.
The squares can’t overlap, and you want to use as few squares as possible,
but the squares could be of different sizes (e.g. some 1 X 1, some 2 X 2,
some 3 X 3 and so on).

What’s the most efficient way of doing so? How did you arrive at this
conclusion?

What about rectangles of other dimensions (assume both sides have integer

lengths)?

~

/




Some things to think about before next week...
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/ Example

1) Two 3 X 3 rectang
2) One 2 X 2 rectang
3) Two 1 X 1 rectang

A\

Clearly you could cover a 3 X 8 rectangle with twenty-four 1 X 1 rectangles.
But this is a lot of individual rectangles!

Here’s an example of covering a 3 X 8 rectangle with squares:

es
e

es.

For a 3 X 8 rectangle, you can’t do any better!

~
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/ CHANGE TEXT HERE \
A\ Y,




