
Welcome back to Extensions! 
,ĞƌĞ�ĂƌĞ�ƐŽŵĞ�ƚŚŝŶŐƐ�ƚŽ�ĚŽ�ǁŚŝůƐƚ�ǁĞ�ǁĂŝƚ�ĨŽƌ�ĞǀĞƌǇŽŶĞ�ƚŽ�ũŽŝŶ�ƵƐ͙

1. You are a hotel tour guide. You must 
work out a route that starts at the 
Hotel, visits every attraction exactly 
once, and ends up back at the 
Hotel. Give one possible route!

2.  Consider the following unusual chessboard 
ǁŝƚŚ�ŽŶůǇ�ϭϮ�ƐƋƵĂƌĞƐ͘�&ŝŶĚ�Ă�͞<ŶŝŐŚƚ Ɛ͛�dŽƵƌ͕͟ �
i.e. a sequence of moves that starts from 
square 1, visiting every square exactly once 
before returning to square 1.

 



Intro problems
1. Hotel tour guide problem: here is one possible solution.

Hamiltoniancycle
visit every vertex
exactly once



Intro problems
Ϯ͘�<ŶŝŐŚƚ Ɛ͛�dŽƵƌ�ƉƌŽďůĞŵ͗�ŚĞƌĞ�ŝƐ�ŽŶĞ�ƉŽƐƐŝďůĞ�ƐŽůƵƚŝŽŶ͊

1 6 78 7

2 710 747
12 7255
11 3 79 7

I



dǁŽ�ŐƌĂƉŚƐ�ĂƌĞ�ƐĂŝĚ�ƚŽ�ďĞ�͞ŝƐŽŵŽƌƉŚŝĐ͟�ŝĨ�ǇŽƵ�ĐĂŶ�ƌĞůĂďĞůͬƌĞĚƌĂǁ�ŽŶĞ�ŐƌĂƉŚ�
ƐŽ�ƚŚĂƚ�ŝƚ�͞ƚƵƌŶƐ�ŝŶƚŽ͟�ƚŚĞ�ŽƚŚĞƌ͕ �ǁŝƚŚ�ƚŚĞ�ŶĞǁ�ĞĚŐĞƐ�ĐŽƌƌĞĐƚůǇ�ŵĂƚĐŚĞĚ�ƵƉ͘

Example 1:

Isomorphic graphs #1

Example 2:
KA

KA 2 B
4 B 3 1

A 3 C
2 0 4 D

S E



dǁŽ�ŐƌĂƉŚƐ�ĂƌĞ�ƐĂŝĚ�ƚŽ�ďĞ�͞ŝƐŽŵŽƌƉŚŝĐ͟�ŝĨ�ǇŽƵ�ĐĂŶ�ƌĞůĂďĞůͬƌĞĚƌĂǁ�ŽŶĞ�ŐƌĂƉŚ�
ƐŽ�ƚŚĂƚ�ŝƚ�͞ƚƵƌŶƐ�ŝŶƚŽ͟�ƚŚĞ�ŽƚŚĞƌ͕ �ǁŝƚŚ�ƚŚĞ�ŶĞǁ�ĞĚŐĞƐ�ĐŽƌƌĞĐƚůǇ�ŵĂƚĐŚĞĚ�ƵƉ͘

Non-example 3:

Isomorphic graphs #2

Non-example 4:

degrees1,212,3

degrees 2,212,2



In each problem, determine if the two graphs are isomorphic or not!

Isomorphic graphs problems



Isomorphic graphs problems: rough solutions

eg BD 1,3
A C 2,4

degrees 2,3 degrees 2 2,2



Isomorphic graphs problems: rough solutions

D E 1 2

A B C 3 4 s
Both G vertices 9edgesdegree

Rightgraphhas cycles of length3
Left graphdoesnothavecyclesoflengths



Isomorphic graphs #3

into a graph



Isomorphic graphs #3
I 9

i6
7 12 H

S

It turns out that the two graphs are isomorphic



Isomorphic graphs #3
I 9

6
7 12

S i

s
Ija



Isomorphic graphs #3
I 9

8

7 12
y o

3 It

s
If possible try to draw a

graph to represent the situation



Isomorphic graphs #3



1. ^ƵƉƉŽƐĞ�ǇŽƵ�ŚĂǀĞ�ƚŚĞ�ŝŶƚĞŐĞƌƐ�ϭ͕�Ϯ͕�͙͕�ϭϱ͘�zŽƵƌ�ĐŚĂůůĞŶŐĞ�ŝƐ�ƚŽ�ƌĞĂƌƌĂŶŐĞ�
them into a new sequence of 16 numbers, so that any two consecutive 
terms add up to a square number. Note that you are not allowed to break up 
any of the two-ĚŝŐŝƚ�ŶƵŵďĞƌƐ�;ϭϬ͕�ϭϭ͕�͙�͕�ϭϱͿ�ĂŶĚ�ƉŝĞĐĞ�ƚŚĞŵ�ƚŽŐĞƚŚĞƌ�ŝŶ�Ă�
different way!

2. A fictitious bank gives all its customers very insecure PINs: each PIN is 2 
digits long, and only uses the digits 0 or 1.
a) Write down all 4 PINs
b) dŚĞ�ďĂŶŬ Ɛ͛��dDƐ�ďĞŚĂǀĞ�ǁĞŝƌĚůǇ͘�/ŶƐƚĞĂĚ�ŽĨ�ĨŽƌĐŝŶŐ�ĐƵƐƚŽŵĞƌƐ�ƚŽ�ƌĞƚǇƉĞ�Ă�

whole new PIN if their previous attempt was wrong, it only checks if the 
last two digits match. For example, if you typed in 001 then this would be 
the same as having tried 00 and 01.
&ŝŶĚ�Ă�ƐĞƋƵĞŶĐĞ�ŽĨ�ϱ�ĚŝŐŝƚƐ�ƚŚĂƚ�ǁŽƵůĚ�͞ƚƌǇ͟�Ăůů�ƚǁŽ-digit PINs.

Problems that encourage you to draw a graph if you are stuck!



1. Square number challenge. Here is a graph that you could have drawn!

Problems that encourage you to draw a graph if you are stuck!

Hamiltonianpath

0 Theproblem s
solvable it
yago up to
16 or 17of 10
butnot18



2. PIN problem.

Problems that encourage you to draw a graph if you are stuck!

00110 trialand
error

vertices 2digitPINSFEYIdb.gg
one Pintotheother

ofoffing GOALTWO findaHamilton'anpath



PIN problem continued. In an effort to beef up security, the bank changes 
ĞǀĞƌǇŽŶĞ Ɛ͛�W/E�ƚŽ�ϯ�ĚŝŐŝƚƐ�ůŽŶŐ͘�&ŝŶĚ�Ă�ƉŽƐƐŝďůĞ�ƐĞƋƵĞŶĐĞ�ŽĨ�ϭϬ�ĚŝŐŝƚƐ�ƚŚĂƚ�ǁŽƵůĚ�
͞ƚƌǇ͟�Ăůů�ƚŚƌĞĞ-digit PINs.

Problems that encourage you to draw a graph if you are stuck!

deBruijn sequences

Find a

Hamiltonianpath



A planar graph is a graph that can be (possibly re-)drawn on a flat surface, so 
ƚŚĂƚ�ƚŚĞ�ĞĚŐĞƐ�ĚŽ�ŶŽƚ�͞ĐƌŽƐƐ�ŽǀĞƌ͟�ĞĂĐŚ�ŽƚŚĞƌ͘

Several examples here.

Planar graphs #1

ng

E i



Here are two famous graphs which are *not* planar.

Planar graphs #2



There are five platonic solids, i.e. 
3D shapes made entirely of some 
number of regular polygons.

The platonic solids

Name Vertices Edges Faces

Tetrahedron

Octahedron

Cube

Dodecahedron

Icosahedron

4 6 4
6 12 8
8 12 6

1
30
30

8 12 6 2



Planar graphs out of the platonic solids
Imagine you press your face against one of the faces, and look 
͞ƚŚƌŽƵŐŚ͟�ƚŚĂƚ�ĨĂĐĞ�ĂƐ�ƚŚŽƵŐŚ�ŝƚ�ǁĞƌĞ�Ă�ǁŝŶĚŽǁ͘

The platonic solid is then transformed into a planar graph!



WůĂŶĂƌ�ŐƌĂƉŚƐ�ĂŶĚ��ƵůĞƌ͛Ɛ�ĨŽƌŵƵůĂ
The relationship V ʹ E + F = 2 holds true for any connected planar graph 
;͞ĐŽŶŶĞĐƚĞĚ͟�ŵĞĂŶƐ�ǇŽƵ�ĐĂŶ�ŐĞƚ�ĨƌŽŵ�ĂŶǇ�ǀĞƌƚĞǆ�ƚŽ�ĂŶǇ�ŽƚŚĞƌ�ǀĞƌƚĞǆ�ďǇ�
some sequence of edges).

Proof:
FaceFregia'chis finite boundedbyedges

AYEEE or the infinite region

SO V E F 2



WƌŽŽĨ�ŽĨ��ƵůĞƌ͛Ɛ�ĨŽƌŵƵůĂ�ĐŽŶƚŝŶƵĞĚ
Build up your planar graph with the following two processes:

Include a new vertex via an edge

Beta V E F

After Vel Ed F

So Uti Eti F V E tf
2



WƌŽŽĨ�ŽĨ��ƵůĞƌ͛Ɛ�ĨŽƌŵƵůĂ�ĐŽŶƚŝŶƵĞĚ

Introduce each remaining edge oneatatin
since the edge goesbetween two vertices
that already haveanother sequence of edges

betweenthem

get Before V E F

After V Etl Ftl
So V CE ti Ftl V E tf 2



If you want to calculate V ʹ E + F (the 
͞�ƵůĞƌ�ĐŚĂƌĂĐƚĞƌŝƐƚŝĐ͟Ϳ�ŽĨ�Ă�ϯ��ƐŚĂƉĞ͕�
then all the faces must be polygons, and 
they must also be convex: convex 
means that the internal angles are all 
less than 180 degrees.

zŽƵ�ŵŝŐŚƚ�ŶĞĞĚ�ƚŽ�͞ƚƌŝĂŶŐƵůĂƚĞ͟�ƚŚĞ�
faces to make them into multiple convex 
parts!

KƚŚĞƌ�ϯ��ƐŚĂƉĞƐ͙



WůĂŶĂƌ�ŐƌĂƉŚƐ�ĂŶĚ��ƵůĞƌ͛Ɛ�ĨŽƌŵƵůĂ
What does V ʹ E + F = 2 give for this 3D 
shape?



Other, graph-ƌĞůĂƚĞĚͬ�ƵůĞƌ͛Ɛ�ĨŽƌŵƵůĂ�ƉƌŽďůĞŵƐ�ƚŽ�ůŽŽŬ�Ăƚ



Other, graph-ƌĞůĂƚĞĚͬ�ƵůĞƌ͛Ɛ�ĨŽƌŵƵůĂ�ƉƌŽďůĞŵƐ�ƚŽ�ůŽŽŬ�Ăƚ



Other, graph-ƌĞůĂƚĞĚͬ�ƵůĞƌ͛Ɛ�ĨŽƌŵƵůĂ�ƉƌŽďůĞŵƐ�ƚŽ�ůŽŽŬ�Ăƚ

Name V E F n r

Tetrahedron 4 6 4

Octahedron 6 12 8

Cube 8 12 6

Dodecahedron 20 30 12

Icosahedron 12 30 20

Fill in the n and r columns:
n = number of edges on each face
r = number of edges that each 
vertex belongs to



Other, graph-ƌĞůĂƚĞĚͬ�ƵůĞƌ͛Ɛ�ĨŽƌŵƵůĂ�ƉƌŽďůĞŵƐ�ƚŽ�ůŽŽŬ�Ăƚ

Explain why 2E = nF and 2E = rV.

ZĞĂƌƌĂŶŐĞ�ĞĂĐŚ�ŽĨ�ƚŚĞƐĞ�ĞƋƵĂƚŝŽŶƐ�ƚŽ�ƐĂǇ�&�с�͙�ĂŶĚ�s�с�͙͕�ƚŚĞŶ�ƐƵďƐƚŝƚƵƚĞ�
ƚŚĞƐĞ�ĞǆƉƌĞƐƐŝŽŶƐ�ŝŶƚŽ��ƵůĞƌ Ɛ͛�ĨŽƌŵƵůĂ�ƚŽ�ŽďƚĂŝŶ�ϭͬƌ�н�ϭͬŶ�с�ϭͬϮ�н�ϭͬ�

Use this to explain why either r < 4 or n < 4 (i.e ĞǆƉůĂŝŶ�ǁŚǇ�ǁĞ�ĐĂŶ͛ƚ�ŚĂǀĞ�
r ൒ 4 and n ൒ 4 simultaneously). Then for each scenario find all possible 
solutions (remembering that n, r and E are positive integers).

This will prove that there are only five platonic solids (3D shapes where all 
the faces are convex regular polygons)!


